Multi-spheres and Superquadrics are popular approaches for addressing particle shape effect in the Discrete Element Method (DEM). This study focuses on the mechanical characteristics of cubical particles, modelled by the two methods (using EDEM and LIGGGHTS), through conducting a series of numerical case studies at both single particle and bulk levels. In the first part of the study, several testing scenarios, which clarify the impact, interlocking, sliding and tilting characteristics of the particle, are discussed and the respective simulations are carried out. The results emphasize the importance of surface bumpiness and edge sharpness in the single-particle behaviour and are used for informing the bulk response.
Introduction 1
The growth in computational power has increased the popularity of the Discrete Element Method (DEM) [1] . This 2 powerful numerical tool is now more accessible to both industry and academia for modelling complicated particulate 3 systems. In DEM, the granular material is treated as a system of distinct interacting particles. Accordingly, the 4 velocity, position and contact properties of each particle are tracked individually.
5
An efficient particle shape representation is a key challenge in DEM. Most DEM codes use spherical particles to Pereira and Cleary [22] studied segregation of binary granular mixture composed by cubes modeled as SQ and 48 spheres in a slowly rotating cylindrical tumbler. They found that cubical particles segregate to the inner core of the 49 particle bed while the spherical particles segregate to the curved walls of the tumbler. It was shown that blocky 50 particles dissipate energy faster than spherical ones and hence move more slowly as they travel down the free surface. 51 Fraige et al. [23] simulated spherical and cubical particles in a flat-bottom silo and concluded that cubic-shape 52 particles provide a packing with higher porosity and increased resistance to flow compared to spheres.
53
Härtl and Ooi [24] , considering spherical and non-spherical (consist of two glued beads), investigated the influence 54 of particle shape and on the bulk friction in a Jenike direct shear test. It is shown that particle interlocking has a 55 more pronounced impact than porosity on the bulk friction. 56 Tao et al. [25] used the MS approach to represent corn-shape particles and compared the flow properties with 57 spherical particles. They showed that the downward velocity of the clusters shows higher variation, compared to 58 spheres, along the width of the silo (the maximum is seen in the centre and decreases towards the walls). Furthermore,
59
they observed that the mean voidage of packings for non-spherical particles is smaller than that of the spherical 60 particles. 61 Markauskas et al. [6] evaluated the capability of MS method to describe ellipsoidal particles, which can replace the 62 perfectly smooth ellipsoids generated using the SQ technique. Varying the number of sub-spheres, the MS particles 63 were characterized through studying the angle of repose, porosity and coordination numbers. They observed a non-64 linear increase of computational time with the increase in the number of sub-spheres compared to the case of ideal
The parameters for considered material are chosen in a way that the computational cost is reasonable. Table   92 1 shows the material properties for particles and the geometry. Hertz model with viscous damping (modified by 93 Brilliantov et al. [27] ) and model are used in all simulations as normal and tangential force 94 models:
where δ n is the normal overlap distance between particles, U n is the normal component of the relative velocity at the 
Superquadrics

99
The equation that governs the shape of a SQ particle in its local coordinate system, given by Barr [32] , is as follows: 
where a, b, c are the half-lengths of the particles along its principal axes, and n 1 and n 2 are blockiness parameters 102 that control edge sharpness. Cubical particles can be modeled by superquadrics taking a = b = c = d/2 and taking 103 n 1 = n 2 = N > 2, where N controls the level of edge sharpness/blockiness. It is worth noting that each k-th SQ 104 particle in a simulation can have its own set of parameters (a k , b k , c k , n 1k , n 2k ) and, as a result, corresponding shape 105 function f k (x, y, z).
106
The contact detection algorithm is based on finding a "midway" point X 0 between two superquadric particles A
107
and B (Fig.1 ) that is a solution of the following non-linear system:
∇F A (X) + µ 2 ∇F B (X) = 0
where µ is the proportionality coefficient, F k (X) = f k (Q T k ·(X −X Ck )) is the shape function of particle k defined with 109 respect to a global coordinate system, X Ck is the centre of mass, Q k = Q(q k ) is the quaternion-based rotation matrix 110 and q k is the quaternion that tracks orientation of particle k. The contact direction n AB = ∇F A /||∇F A || is calculated
111
at the contact point X 0 . The normal overlap vector δ n is defined as a vector connecting points of intersection X B
112
and X A between the contact line and surfaces of particles A and B correspondingly:
Standard normal and tangential force models[30] can be applied, using local curvature radius as particle radius in 114 force formulations.
115
Newton's method is employed to solve the system of non-linear equations (3) for every potential pair of particles 116 at every DEM time-step. Several techniques can be proposed to reduce the number of potential particle pairs and 117 increase computational efficiency: checking intersections between minimum bounding spheres and oriented bounding 118 boxes, and using the solution for the contact point from the previous step at a current step as initial guess. Eq. (4) 119 must be solved for every pair of overlapping particles. For a more detailed description of contact detection and a
120
contact force algorithms between SQ particles refer to Podlozhnyuk et al. [10] .
121
Different levels of edge sharpness (between N = 4 and N = 10, further denoted as SQ(N 4),...,SQ(N 10)) are used in 122 this paper to study the blockiness effect. Fig.2 (top row) illustrates particle shapes for SQ(N 4), SQ(N 6) and SQ(N 8). Multi-spheres, which approximate the shape of particles by overlapping or touching spheres, are used as an ap-
125
proximation of the real shape irregularities [3, 33] . In the multi-sphere model, a single particle is represented by a 126 set of rigidly connected spheres, which are inscribed into the shape of the particle such that at each contact point of
127
sphere and real body a tangential plane can be constructed. The sub-spheres are allowed to vary in size and to overlap 128 forming an approximation of any desired shape. The contact force between neighboring particles is calculated from 129 their element spheres, using sphere-sphere contact detection. Each sub-sphere i of particle A is checked for contact against each sub-sphere k of particle B(see Fig.3 ). The normal overlap vector δ ABik is determined for each pair of 131 intersecting sub-spheres in the same way as conducted for single spherical particles:
where X CA and X CB are the centres of gravity, Q A and Q B are the rotational matrices converting vectors from 133 the body-fixed frame to the global coordinate system, d Ai and d Bk are the vectors in the body-fixed frame pointing 134 from the centres of gravity (X CA and X CB ) to the centres of sub-spheres i and k for multi-sphere particles A and B
135
correspondingly.
136
Contact forces F ABik are obtained from the calculated overlaps δ ABik for each pair of overlapping sub-spheres 137 between particles A and B. The resulting overall force acting on particle A from particle B is determined as follows: In this test, a particle impacts a flat wall with a specified translational velocity (v pre = 0.01m/s) normal to the wall 160 and zero angular velocity. The particle has one plane of symmetry parallel to the wall, so that face-wall contact occurs.
161
The post-impact particle velocity v post normal to the wall is computed. The contact is assumed to be frictionless and 162 without gravity. It can be observed from Fig. 4 
180
The interlocking value δz = 3r − z is calculated, where z is the residual Z-coordinate of the centre of Particle spheres. The degree of interlocking for SQ particles has its maximum for SQ(N 4) and decreases with the increase of 187 superquadric blockiness N .
188
The effect of particle shape irregularity is further studied in the following set of simulations with 3 particles (in 
195
In order to cancel out the effect of different masses per single particle, it is plotted ( added to the legend in dimensionless form:
where A 0 = 2µ and with the increase of the friction coefficient µ s pp . However, significantly higher MS-particle resolution is required 205 to achieve less than 5% of the maximum relative deviation of the tangential force from the mean value. 
212
Two scenarios are possible during the rotation of the plate: sliding of a particle along the plate without changing 213 the orientation, or tilting of the particle towards the rotation origin. For the SQ particles ( Fig.9) , the results are particles slide at the sliding angle, while for µ = µ 2 , the critical angle increases with the increase of blockiness N. The 217 results show that particles with different levels of edge sharpness can behave differently even at the single grain level
218
(changing the mode of motion from rotational to translational).
219
It is interesting to note that the behaviour of MS particles does not depend on the number of sub-spheres. For µ 1 ,
220
MS particles begin to slide exactly at the sliding angle α 1 ; for µ 2 , they begin to tilt and fall from the plate at around 221 27
• (similar to SQ(N 6)), irrespective of the number of sub-spheres for both values of the coefficient of friction studied.
222
This can be explained by the fact that all MS particles have sub-spheres with equal sizes, which give them an alike 223 tilting characteristics. 
234
It is clear, behaviour for SQ converges to that for ideal cubes with the increase of blockiness for all coefficients of sub-spheres significantly converging to a value slightly lower than α crit .
242
Based on the results above and the results from previous sections, we can conclude that at low coefficients of friction 243 (≤ 0.2) representation of particle shape using SQ and MS can have significant effect on particle motion, especially 244 for MS particles (interlocking effect). At high contact friction, the effect of particle-interlocking can be relatively 245 neglected. In this test an assembly of 6000 particles is distributed randomly in a cone. The system is allowed to settle under 249 gravity (in Z-direction) for 1s simulation time. Fig.12 shows the simulation setup and the dimensions used.
250
The average residual translational and angular velocities for MS particles after settling were found to be of order simulation results presented further in this paper.
261
Then, after the packing is formed, the orifice is opened and discharge commences. The simulation continues for 3s 262 until a heap is formed. The heap is then analysed and the angle of repose is estimated.
263
The algorithm that determines the angle of repose of the heap operates by dividing the heap along Z-direction into 264 20 discs of equal height (instead of dividing into wedge shaped regions as in [38] ). The discs are allowed to overlap by 265 50% with the neighbors in vertical direction. Then, the average cross-sectional area S i of each disc is calculated by 266 constructing a convex hull from particle centres in the XY plane. Each disc is assumed to be cylindrical with area 267 equivalent radius r i = S i /π. This way, it was possible to construct the surface profile function z i = z(r i ) and plot 268 it for each of particle shapes, see Fig.13 .
269
Furthermore, the angle of repose is found as the inclination angle of z = z(r) using linear regression, see Fig. 14.
270
The first and the last bins are excluded to avoid the influence of the rounded top and flattened foot of the heap. It seen that the SQ particles are more sensitive in AOR test on blockiness parameter.
284
In order to measure computational efficiency of MS and SQ approaches, the simulations for "Angle of Repose" with 285 SQ and MS particles were conducted on the same machine using the same software (LIGGGHTS). a maximum difference of 3 % (for stress-displacement curves). This discrepancy can be explained by the difference 307 in initial particle configuration within the generated packings and also the difference in the constant vertical load 308 controller.
309
The DEM time-step was chosen as ∆t = 2 · 10 −6 s (5 % of Rayleigh time) in all simulations. Two types of packing, 310 using MS and SQ particles, were generated to assess the dependence of the results on the density of the initial packing.
311
In the dense packing, the particle-particle friction coefficient µ 
Porosity
318
The porosity φ of the samples was measured by exporting the position of the lid at start and end of shearing.
319
This scalar quantity is an indication of how densely the particles are packed in the system (i.e. by dividing the total 320 volume of the voids over the volume of the shear tester). As mentioned before, the packings are prepared in dense porosity at D = 0 is referred to as "initial porosity" (φ init ) and ∆φ is calculated as:
where, φ end is the final porosity of the sample at D = 6 mm.
325
According to Table 2 , by increasing N , the number of particles in both density states decrease up to 15 %.
326
Moreover, looking at Fig. 17 , it is clear that the reduction in number of particles is not affecting the initial porosity
327
(φ init ) of the system (i.e. the extension of edges for SQ(N 6) and SQ(N 8) provides similar total particle volume as the 328 assembly of SQ(N 4) particles) despite the differences in volumes per single particle (Table 3) . It is also seen that the 329 value N = 4 leads to the highest φ init for SQ particles (more noticeable for the dense case) and further increase of N 330 from 6 to 8 has no effect on the porosity of the sample.
331
Moreover, results suggest that the bumpiness, in MS particles, can affect the initial porosity of the system and 332 leads to increase of φ init in both density states (here, it must be noted that the MS(8) has a void between composing 333 particles which is subtracted from the total voids of the system).
334
Furthermore, it is seen that all of MS particles provide higher initial porosities than for SQ particles. This is mostly 335 due to the additional void that is available between adjacent overlapping spheres on the surface of the MS particle.
336
Another important phenomenon that happens during shearing of the granular samples is the dilation of the 337 assemblies. The φ init for the samples are plotted in Fig.17 with respect to the change in porosity (∆φ) at D = 6 mm.
338
It is seen that even the samples with initially loose configurations tend to dilate, which might be due to the high level before starting to dilate.
351
In dense packings, the contraction of the assemblies seems to be insignificant and dilation is the dominant mode 352 of volume change. For the MS particles, the bumpiness effect can be seen in further dilation of MS (27) in the corner sharpness of SQ particles is contributing to increased dilation of the assembly during shearing.
355
Coarse-graining shows the local distribution of the porosity in the Jenike shear tester. Fig.19a presents the results
356
for MS(8), with φ init =0.5, at D = 6 mm. It can be seen that the lowest porosity is formed from top right to bottom 357 left corner. Moreover, the distribution of the magnitude of normal contact forces is presented in Fig.19b . Results
358
suggest the zone with lower porosity concentration and strong contact forces overlaps. 
Mode of motion for the particles
360
The previous section provides information on the effect of surface bumpiness and edge sharpness on the packing 361 density and the dilation of the particles at the initial and final state of a direct shear test. In the current section, an 362 attempt is made to evaluate the mode of motion for the particles during the shearing. Accordingly, the cumulative 363 rotation θ i and its magnitude θ i , for each particle i, is recorded for all the tests:
where, ω i is the angular velocity of particle i and N p is the number of particles in the system. it can be noticed that after increasing the blockiness to N = 6, the material shows a higher strength, but a further 
388
For the loose packings of the MS particles, the MS(27) and MS(64), which have relatively similar surface roughness,
389
show a comparable peak strength, while a slightly lower residual strength can be seen for the MS(64) (this is due to 390 further smoothness in the surface of the particle). The MS(8) is providing a peak and residual strength larger than for to the shown results, it can be seen that increasing particle bumpiness can compensate to some extent the effect of 394 edge sharpness when approximating particles by multi-spheres. Additionally, comparing the observations here with 395 those of in section 4.1, it is deducible that in dense shearing regimes having a relatively resembling geometry for the 396 particles can be adequate to capture comparable bulk response from different shape representation techniques.
397
For the dense packing, increasing blockiness for SQ particles results in higher shear strength of the material. A 398 similar response is seen for the MS particles when the number of sub-spheres is reduced (the influence is roughly 30 399 % for both particle types). It should be noted that due to the limitation of the displacement in the Jenike tester, Consequently, it can be said that influence of blockiness is increased in dense sample (the Φ p value for MS(8) is reached
407
by SQ(N 6) and SQ(N 8), however Φ p for SQ(N 6) and SQ(N 8) only equals MS(27) and MS(64) in loose samples).
408
A close look into residual strength of the samples in both density states shows that SQ(N 4) and MS(64) present a 409 similar response. On the other hand, it is an established fact that the quasi-static silo discharge can be considered as 410 a dense flow regime (similar to that of Jenike test). Considering this, it is of high interest to investigate the possibility in a decreasing flow-rate For the MS particles, increasing the surface bumpiness also results in a decreasing flow-rate However the effect of bumpiness on flow-rate appears to be much smaller with MS (27) and MS (64) converging to a 445 similar flow-rate. Moreover, the drop in discharge rate, by increasing pseudo-bumpiness, is smaller than the effect of 446 increased blockiness for SQ particles (blockiness is not well captured by bumpiness). Moreover, MS(64) and SQ(N 4)
447
(with similar residual shearing response) present an overlapping discharge rates (i.e. the slope of cumulative discharged 448 mass in Fig. 26) . The above results are in line with the Beverloo's equation [43] , which predicts the mass flow rate
449
(M ) according to the following equation:
where, C is constant that depends on the coefficient of friction, ρ b is the bulk density after filling, g is the 451 gravitational acceleration, D 0 is the opening width, d is the particle diameter, k is generally known to be a constant 452 that depends on particle shape. In this case, kd increases by further bumpiness and blockiness (which results in 453 reduction of the effective orifice dimension). Another important point is that compared to the significant dependency 454 of the shearing resistance (≈ 30%) on the shape characteristics, discharge rate is affected less (≈ 10%).
455
Simulation snap-shots have been taken at different instances of the discharged mass (M D ) to provide an insight into 456 flow profiles for both particle types. Fig. 27 shows the particles inside the silo at 10, 30 and 60 % of the discharge. It regimes (where residual strength dominates), representation of particle shape using MS or SQ particles can produce 467 matching predictions as long as the relevant residual strength characteristics is captured.
468
In addition to the above remarks, results indicates that whilst significant differences in single particle behaviour
469
have been shown between the two shape descriptors, they do not lead to significant discrepancy in silo flow kinematics. provides a homogeneous flow, the results are averaged over y direction.
475
A close look at σ zz distributions for MS and SQ particles reveals that the vertical stress is independent of the 476 particle shape characteristics. Additionally, the highest magnitude of the σ zz is developed adjacent to the walls in the 477 stagnant zones (two column of high stress at both sides of the flow channel). This is due to presence of the strong and macro level tests.
487
At grain-level, several test cases were simulated with MS and SQ particles, which led to a better understanding 488 of impact, interlocking, sliding and tilting characteristics of the single particles. These tests show the dependence of 489 particle behaviour at the micro-scale on the particle edge and surface properties. For example, it has been shown that,
490
at low friction coefficients, interlocking of MS particles can have significant effect on particle motion.
491
In the angle of repose test, the surface inclination of the formed piles increases monotonically with the increase in dense packing is more susceptible to the variation in blockiness and bumpiness of particle.
502
For the silo flow, it is shown that the discharge rate, flow profiles and stress are affected by the shape to varying 503 degrees. With increasing blockiness and surface bumpiness, the flow is retarded to some extent, of the order of 10 504 % in this study. Moreover, the horizontal stress reduces whilst the vertical stress is much less sensitive to the shape 505 characteristics.
506
The flow properties of the particles with similar residual shear strength have been assessed and an identical flow 507 pattern and discharge rate is recorded. Nevertheless, the inherent difference in total number of contacts in MS particles (which acts as additional frictional resistance) could potentially give a different stress field. 
568
Figure 1: Scheme of particle-particle contact for superquadrics. 
